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Abstract
In this paper, we introduce and study a new complete lattice whose elements are the so-called
pre-natural classes of R-modules. This lattice contains a complete sublattice isomorphic to the
complete lattice of all linear topologies of R and a sublattice anti-isomorphic to the frame of all
hereditary torsion theories of R. Moreover, the complete Boolean lattice of all natural classes of
R-modules is a sublattice of this lattice. Various properties of this new lattice are formulated and
some applications to the ring R are given. c© 1999 Elsevier Science B.V. All rights reserved.
MSC: primary 16D80, 16S90; secondary 06E20
0. Introduction
The connection between hereditary torsion theories of an associative ring R and the
lattice of all linear topologies on R has been studied by many authors. The properties
of this lattice determine several interesting properties of R and the category Mod-R
of all right R-modules. We refer to Golan [6, 7] for the details of the study of this
lattice and of hereditary torsion theories. By a module class, we mean a collection
F of right R-modules which is closed under isomorphic copies. By a subclass of a
module class F we mean a module class K such that every module in K is in F.
For an R-module M , in Wisbauer [18], [M ] means the full subcategory of Mod-R
subgenerated by M . But note that, in this paper, we will only care about the be-
haviour of [M ] as a subclass of Mod-R, so [M ] will simply be regarded as the class
of all M -sub-generated modules, i.e., [M ] is the class of all N in Mod-R such that
N is embeddable in M (I)=A for an index set I and a submodule A of M (I). For
an R-module N , EM (N )=ff(M): f2Hom(M;E(N ))g is called the M -injective
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hull of N , where E(N ) is the injective hull of N . A subclass K of [M ] which is
closed under submodules, arbitrary direct sums, and M -injective hulls is called an M -
natural class. An RR-natural class is called a natural class. So a natural class is a mod-
ule class which is closed under submodules, arbitrary direct sums and injective hulls.
One can associate with the category Mod-R the collection Nr(R) of all natural classes.
A result of Dauns [2] ensures that Nr(R) forms a complete Boolean lattice under the
partial ordering by inclusion. More generally, for a module M , Dauns [1] observed the
collection N(R;M) of all M -natural classes is a complete Boolean lattice. The lattice
properties of Nr(R) are useful for characterizing the ring R. For further details about
the lattices Nr(R) and N(R;M), we refer to [1, 2, 20].
We need to recall a few more terms. A module class is called a hereditary pretorsion
class if it is closed under submodules, factor modules and arbitrary direct sums. Note
that K is a hereditary pretorsion class i K= [M ] for some R-module M . A hereditary
torsion class is any hereditary pretorsion class which is closed under extensions, while a
hereditary torsion-free class is any natural class which is closed under direct products.
In this paper, we introduce and study a new complete lattice whose elements are the
so-called pre-natural classes of R-modules. This lattice contains a complete sublattice
isomorphic to the complete lattice of all linear topologies of R and a sublattice anti-
isomorphic to the frame of all hereditary torsion theories of R. Moreover, the complete
Boolean lattices N(R;M) as well as Nr(R) are sublattices of this lattice. We will
discuss and formulate some basic properties of this new lattice, especially those which
reect the properties of the ring R or Mod-R, and its relationships with the sublattices
mentioned above.
In Section 1, the concept of pre-natural classes is introduced and several characteri-
zations and constructions of pre-natural classes are given. Let Npr (R) be the collection
of all pre-natural classes. As we will prove in Lemma 1.4, Npr (R) corresponds bijec-
tively to a set, and so, without loss of generality, we can assume that Npr (R) is a set.
By the same reason, we will use below the phrase \the set of all hereditary pretorsion
classes (or of all hereditary torsionfree classes, or of all hereditary torsion classes)".
The lattice structure of Npr (R) is introduced in Section 2. We will prove that, for each
module M , N(R;M) is a sublattice of Npr (R) but not a complete sublattice in general.
The set of all hereditary pretorsion classes is a complete sublattice of Npr (R), which
is isomorphic to l-R, the lattice of all right linear topologies of R. The set of all
hereditary torsion-free classes is a sublattice of Npr (R), which is anti-isomorphic to
Tor-R, the frame of all hereditary torsion theories of R. In Section 3, the atoms of the
lattice Npr (R) are completely characterized and necessary and sucient conditions are
presented for every proper element of Npr (R) to be contained in a coatom of N
p
r (R).
In Section 4, we will see that QI -rings, semisimple rings and left perfect rings with a
unique simple module can be characterized by some inclusions of sublattices of Npr (R).
In Section 5, we consider the question of when Npr (R) is an algebraic lattice. An an-
swer is given for the case when N(R;M) is a complete sublattice of Npr (R) for each
module M . But the question is still open for general case. We also provide an example
of a non left distributive ring R for which the lattice of all left linear topologies of R
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is a distributive lattice. This helps clarify a statement of Golan [8] on a result of left
distributive rings. In the nal section, we describe the rings R for which jNpr (R)j=2; 3
and 4, respectively. In this paper, the least element and the greatest element of a lattice
(if they exist) will be denoted by 0 and 1, respectively.
1. Pre-natural classes
Denition 1.1. We dene a pre-natural class to be an M -natural class for some
R-module M .
We now present a few characterizations of pre-natural classes. We need to introduce
some notation.
Notation 1.2. Given a module class F, we let CF be the class of all R-modules X
having no nonzero submodule isomorphic to a submodule of an element of F and
DF the class of all R-modules X having the property that any nonzero submodule
contains a nonzero submodule isomorphic to a submodule of an element of F. We let
MF=
L
t2I Xt , where fXt : t 2 Ig is a complete set of representatives of the isomorphic
classes of cyclic modules which are submodules of modules in F. Note that both
CF and DF are natural classes and [MF] is the smallest hereditary pre-torsion class
containing F.
Lemma 1.3. The following are equivalent for a module class K:
1: K is a pre-natural class.
2: K is closed under submodules; arbitrary direct sums; and TrE(N )(K) is in K
whenever N is in K; where TrE(N )(K)=ff(X ): X 2K; f2Hom(X; E(N ))g is the
trace of K in E(N ).
3: K is an intersection of a natural class and a hereditary pretorsion class.
In this case; K is an MK-natural class.
Proof. (1), (2) is from [22, Lemma 2.2] and (3)) (2) is straightforward.
(2)) (3): By [2, Lemma 2.2], K=DK \ [MK].
Let L(R) be the set of all right ideals of R, and P(L(R)) the power set of L(R).
For a pre-natural class K, we let HK(R)= fI RR: R=I 2Kg. For a subset X of an
R-module M , X?= fr 2R: Xr=0g. In particular, for x2M we let x?= fxg?.
Lemma 1.4. The correspondence K 7! HK(R) from Npr (R) to P(L(R)) is one-to-one.
Therefore, we may assume Npr (R)=
S
M N(R;M) is a set.
Proof. For pre-natural classes K and L, we let HK(R)=HL(R). Assume N is a module
in K but not in L. Then for any x2N , xR is in K. Thus, x? 2HK(R)=HL(R), implying
xR is in L. Therefore, xR is in L for any x2N . We may assume that L [M ] is an
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M -natural class for some module M . Then N is in [M ]. Since N is not in L, there
exists 0 6=Y N such that every nonzero submodule of Y is not in L by [14, Proposition
4]. This is a contradiction. So, KL. Symmetrically, LK.
By Lemma 1.4, a pre-natural class K is uniquely determined by the set HK(R).
We next give necessary and sucient conditions for a set of right ideals of R to
be of the form HK(R) for some K2Npr (R). For a set I of R and a2R, we let
(I : a)= fr 2R: ar 2 Ig.
Denition 1.5. A nonempty set A of right ideals of R is called a pre-natural set if
the following conditions are satised:
1. If I 2A and J 2A then I \ J 2A.
2. If I 2A then (I : a)2A for all a2R.
3. If I =2A then either R=I is not in [GA] where GA=
LfR=K : K 2Ag or there
exists a right ideal J of R such that J contains properly I and (I : a) =2A for all
a2 J − I .
Proposition 1.6. The following conditions are equivalent for a set A of right ideals
of R:
1: A=HK(R) for some K2Npr (R).
2: A is a pre-natural set.
Proof. (1)) (2): For right ideals I and J of R and any a2R, we have R=(I \ J ) ,!
R=IR=J and R=(I : a) = (aR+ I)=I R=I . If I; J 2HK(R) then both R=I and R=J are in
K, implying I \ J 2HK(R) and (I : a)2HK(R) since K is closed under submodules and
direct sums. By Lemma 1.3(1), K [GA] is a GA-natural class. Let F be the class
of all N in [GA] such that any nonzero submodule of N is not in K. Then, by [14,
Proposition 4], K is the class of all N in [GA] such that any nonzero submodule of
N is not in F. Suppose I =2 HK(R). If R=I is not in [GA] then we are done. Assume
R=I is in [GA]. Therefore, there exists a right ideal J of R such that 0 6= J=I and for
any a2 J − I , (aR+ I)=I is not in K. Now, the fact that (I : a) =2HK(R) follows from
R=(I : a) = (aR+ I)=I . Therefore, HK(R) is a pre-natural set.
(2) ) (1): Suppose A is a pre-natural set. We let K be the class of all M in
Mod-R such that x? 2A for any x2M . We show K is a GA-natural class. Obviously,
K [GA] is closed under submodules. Let M =
L
i Mi with each Mi in K. For any
x2M , write x= x1+x2+   +xn with xi 2Mi. Then x?=
Tn
i=1 x
?
i . Since each x
?
i 2A,
x? 2A and hence M is in K. Thus, K is closed under direct sums. Suppose x2E with
x? =2A, where E is the GA-injective hull of M . Since R=x? = xR is in [GA], by
the condition (3) of Denition 1.5, there exists a right ideal J of R such that x? J
and (x?: a) =2A for all a2 J − x?. Let Y be a submodule of xR such that J=x? = Y .
Then Y 6=0 and hence Y \ M 6=0. Take any 0 6=y2Y \ M . Then R=y? = yR =
(aR + x?)=x? = R=(x?: a) for some a2 J − x?. So y? =2A since (x?: a) =2A. This
implies Y \ M is not in K and hence M is not in K. Therefore, K is closed under
GA-injective hulls. Finally, it can easily be checked that HK(R)=A.
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Corollary 1.7. K 7! HK(R) gives a bijective correspondence between the pre-natural
classes of Mod-R and the pre-natural sets on L(R).
Lemma 1.3 shows that there is a large number of pre-natural classes. We now list
below several examples of pre-natural classes which are of great importance in module
theory.
Examples 1.8. 1. Mod-R is a pre-natural class.
2. Every natural class is a pre-natural class. In particular, every hereditary torsion-
free class is a pre-natural class. We let Fr(R) be the class of all hereditary torsionfree
classes.
3. Every hereditary pretorsion class is a pre-natural class. In particular, every hered-
itary torsion class is a pre-natural class. We let Tpr (R) (resp. Tr(R)) be the class of
all hereditary pretorsion class (resp. all hereditary torsion classes).
Lemma 1.9. Let fK: 2 Ig be a set of pre-natural classes. Then
T
2I K is a pre-
natural class.
Proof. It is straightforward.
Corollary 1.10. For a subclass F of Mod-R; we let bF be the intersection of all pre-
natural classes containing F. Then bF is the smallest pre-natural class containing F.
In particular; for F= fNg; we let bN =dfNg.
Lemma 1.11. For a subclass F of Mod-R; bF is exactly the class of all X in [MF]
such that every nonzero submodule of X contains a nonzero submodule embeddable
in an element of F.
Proof. Clearly, FH, where H is the class of all X in [MF] such that every nonzero
submodule of X contains a nonzero submodule embeddable in an element in F. By
[19, Proposition 1.1], H is an MF-natural class. Therefore, by Corollary 1.10, bFH.
By Lemma 1.3, there exists a module N such that bF [N ] is an N -natural class. Note
that MF is in bF. It follows that [MF] [N ]. Since each module in H contains an
essential submodule in FbF, we have HbF by [19, Corollary 1.3].
2. Lattice structure of Npr (R)
Recall that Npr (R) is the class of all pre-natural classes.
Theorem 2.1. Npr (R) is a complete lattice with the least element f0g and the greatest
element Mod-R under the following partial ordering and lattice operations:
1. For K1;K2 2Npr (R); K1  K2 , K1K2.
2. For a set of pre-natural classes Ki ;
V
Ki=
T
Ki and
W
Ki=d
S
Ki.
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Proof. By Lemma 1.9 and Corollary 1.10.
For a pre-natural class K and a module M , K [M ] does not imply that K is an
M -natural class in general. In fact, every pre-natural class is a subclass of [RR], but
many pre-natural classes are not natural classes. This suggests that the following result
is not trivial.
Theorem 2.2. For any module M; N(R;M) is a sublattice of Npr (R).
Proof. Let K1;K2 2N(R;M). Clearly, K1 ^K2 2N(R;M). We want to show that K1 _
K2 2N(R;M). Since K1 _ K2 is a pre-natural class, we only need to show that it is
closed under M -injective hulls. Let N be a module in K1 _ K2, fXt : t 2 Ig a maximal
independent set of submodules of N in K1, and X =
L
Xt . Then X is in K1. Let P
be a submodule of N which is maximal with respect to X \ P=0. Then X  P is
essential in N . Let fYs:s2 Jg be a maximal independent set of submodules of P in K2
and Y =
L
Ys. Then Y is in K2. If Y \ Q=0 for some 0 6=QP, then, by Lemma
1.11, Q contains a nonzero submodule which is in K1 or K2. But the choices of X
and Y show that this is impossible. So, Y is essential in P and hence X  Y is essen-
tial in N . Then E(N )=E(X )  E(Y ) and EM (N )=ff(M): f2Hom(M;E(N ))g
ff1(M): f1 2Hom(M;E(X ))g+ ff2(M): f2 2Hom(M;E(Y ))g=EM (X ) EM (Y ).
Since K1 and K2 are closed under M -injective hulls, EM (X ) is in K1 and EM (Y ) is in
K2. Thus, EM (N )=EM (X ) EM (Y ) is in K1 _ K2.
Corollary 2.3. Nr(R) is a sublattice of N
p
r (R).
In general, N(R;M) is not a complete sublattice of Npr (R). In fact, there exists a
ring R such that Nr(R) is not a complete sublattice of N
p
r (R).
Example 2.4. Let Q=
Q1
i=1 Fi, where each Fi=Z2 = f0; 1g, be the direct product of
rings Z2. Let R be the subring of Q generated by
L1
i=1 Fi and 1Q. Then soc(R)=
L
i Fi
is the only essential right ideal of R. For each i and each index set I , F (I)i is an injective
R-module. To see this, let f: Soc(R)! F (I)i be an R-homomorphism. Then f(Fj)= 0
for all j 6= i. Note that Fi is a direct summand of R. Write R=Fi Ai and let  be the
projection of R onto Fi. Then f   :R ! F (I)i extends f. So F (I)i is R-injective. For
each i, let Ki= bFi. Then Ki= [Fi] is closed under injective hulls and so Ki 2Nr(R).
Let K=
W
i Ki. Then K= [
S
ifFig= [soc(R)= [soc(R)]. R is not semisimple, so R is not
in [soc(R)]. But soc(R) is essential in R, so [soc(R)] is not closed under injective
hulls. Thus, K is not a natural class, showing that Nr(R) is not a complete sublattice
of Npr (R).
Corollary 2.5. Fr(R) is a sublattice of N
p
r (R).
Proof. Let K1;K2 2Fr(R). Clearly, we have K1 ^ K2 2Fr(R). Let L=K1 _ K2. We
now prove that L2Fr(R). By Corollary 2.3, L is the intersection of all natural classes
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containing K1 [ K2. Thus, by [20, Proposition 1.2], L is just the class of all M in
Mod-R such that X is in K1 and M=X is in K2 for some X M . We only need to
prove that L is closed under direct products. Let Mi be in L (i2 I). Then for each
i, there exists Xi in K1 such that Mi=Xi is in K2. Thus, we have
Q
Xi is in K1 and
(
Q
Mi)=(
Q
Xi) =
Q
(Mi=Xi) is in K2. So,
Q
Mi is in L.
There is a well-known frame structure on the set Tor-R of all hereditary torsion
theories of R (see [6]). For 2Tor-R, let F be the class of all -torsion-free modules.
It can be checked that the correspondence  7! F gives a lattice anti-isomorphism of
Tor-R onto Fr(R).
Theorem 2.6. Tpr (R) is a complete sublattice of N
p
r (R).
Proof. Let fKi: i2 IgTpr (R). Clearly,
V
i2I Ki 2Tpr (R). We need to show that
W
i2I
Ki 2Tpr (R). Let fXt : t 2 Jg be a complete set of representatives of the isomorphic
classes of cyclic modules in
S
i2I Ki and M =
L
t2J Xt . By Lemma 1.11,
W
i2I Ki is
just the class of all X in [M ] such that every nonzero submodule of X contains a
nonzero submodule in
S
i2I Ki. It suces to show that
W
i2I Ki= [M ]. If this is not
the case, then there exists a nonzero cyclic module Y in [M ] such that Y has no
nonzero submodules in
S
i2I Ki. Since Y is cyclic, there exists some Xt such that Y
has a nonzero submodule which is isomorphic to a subfactor of Xt . But Xt is in some
Ki, so Y has a nonzero submodule which is in Ki. This is a contradiction.
There is a complete lattice structure on l-R, the set of all right linear topologies of
R (see [7]). For A2 l-R, let TA be the class of all M in Mod-R such that x? 2A for
all x2M . Then A 7! TA gives a lattice isomorphism of l-R onto Tpr (R).
3. Atoms and coatoms of Npr (R)
A module M is called atomic if M 6=0 and for any nonzero submodules X and Y
of M , X and Y have isomorphic nonzero submodules. Atomic modules, due to Dauns
[2], are ones from which atoms of the lattice Nr(R) are generated.
Denition 3.1. A module M is said to be a strongly atomic module if bM is an atom
in Npr (R).
In order to characterize the strongly atomic modules, we note the following lemma.
Lemma 3.2. For any module N; bN is exactly the class of all X in [N ] such that
every nonzero submodule of X contains a nonzero submodule embeddable in N .
Proof. If let fXt : t 2 Ig be a complete set of representatives of the isomorphic classes
of cyclic submodules of N and M =
L
Xt , then [N ] = [M ]. So, our claim follows
from Lemma 1.11.
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By Lemma 3.2 and [19, Proposition 1.1(b)], bN 2N(R; N ) for each module N . There-
fore, if N is strongly atomic then bN is also an atom of the lattice N(R; N ). The con-
verse is false because an atomic module may not be strongly atomic as we will see
below.
Theorem 3.3. The following are equivalent for a module M :
1. M is strongly atomic.
2. M is atomic and M is in [N ] for any 0 6=N M .
Proof. (1) ) (2): Suppose that there exist nonzero submodules X and Y of M such
that they have no isomorphic nonzero submodules. Then Y is not in bX by Lemma
3.2, but bX  bM and Y is in bM . This is a contradiction. So, M is atomic. Let N be a
nonzero submodule of M . Then bN = bM . By Lemma 3.2, M is in [N ].
(2)) (1): We only need to prove that M is in bX for any 0 6=X in bM . By Lemma
3.2, we may assume X is a nonzero submodule of M . Thus, by (2), M is in [X ]. Since
M is atomic, every nonzero submodule of M has a nonzero submodule embeddable in
X . Therefore, by Lemma 3.2, M is in bX .
All homogeneous semisimple modules are strongly atomic. Z is a strongly atomic
Z-module. For a prime number p, Z=(pn) (n  2) and Zp(1) are atomic but not
strongly atomic Z-modules.
Let L be a lattice with the greatest element 1. A coatom of L is an element c2L
such that c 6= 1 and c 6 d for any 1 6=d2L. In [7], Golan considered the coatoms
of the lattice Tpr (R) and proved that every proper element of T
p
r (R) is contained in
a coatom of Tpr (R) (see [7, Corollary 2.11]). We now consider the question of when
every proper element of Npr (R) is contained in a coatom of N
p
r (R).
Theorem 3.4. The following are equivalent for a ring R:
1. Every proper element of Npr (R) is contained in a coatom of N
p
r (R).
2. There does not exist a pair of nonzero R-modules X and Y such that
(a) R is in [X ].
(b) X and Y do not have isomorphic nonzero submodules.
(c) Y contains no atomic submodules.
Proof. (1)) (2): Suppose that there exist nonzero modules X and Y satisfying (a){
(c). Let K=CfYg. Then X is in K and K2Npr (R). We claim that K is not contained
in any coatom of Npr (R). To see this, let KL<1 for some L2Npr (R). By Lemma
1.11, there exists a module M such that L is just the class of all N in [M ] such
that every nonzero submodule of N contains a nonzero submodule embeddable in an
element of L. Since X is in K, X is in [M ] and so [M ] =Mod-R. Therefore, L is a
natural class. Since L 6= 1, A is not in L for some module A. By [14, Proposition 4],
there is a nonzero submodule B of A such that any nonzero submodule of B is not
in L. Then B is not in K. This shows that B has a nonzero submodule C which is
embeddable in Y . By (c), C contains two nonzero submodules C1 and C2 such that
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C1 and C2 have no nonzero isomorphic submodules. Let H=DF, where F=L[fC1g.
Then LH such that C1 is in H, C1 is not in L and C2 is not in H.
(2)) (1): Suppose that (1) does not hold. Then there exists 1 6=K2Npr (R) such
that K is not contained in any coatom of Npr (R). By Lemma 1.11, MK is in K,
where K is the class of all N in [MK] such that every nonzero submodule of N
contains a nonzero submodule embeddable in MK. If [MK] 6=Mod-R, then Golan
[7, Corollary 2.11] ensures that there exists a maximal element L in Tpr (R) such
that [MK]L 6= 1. Since L is not a coatom of Npr (R), we have L<H 6= 1 for some
H2Npr (R). Then L is not contained in any coatom of Npr (R). Note that H [MH].
By the maximality of L; R is in [MH]. Therefore, we may assume R is in [MK].
It follows that K is a natural class. Since K 6= 1, N is not in K for some module
N . By [14, Proposition 4], there exists a nonzero submodule Y of N such that every
nonzero submodule of Y is not in K. Let X =MK. We now prove that Y contains no
atomic submodules and hence the pair of X and Y gives a contradiction to (2). If Y
has an atomic submodule P, then KCfPg 6= 1. Since R is in [MK], any pre-natural
class containing CfPg is a natural class. So CfPg is a coatom of N
p
r (R). This is a
contradiction.
Corollary 3.5. If every nonzero R-module contains an atomic submodule; then every
proper element of Npr (R) is contained in a coatom of N
p
r (R).
Example 3.6. There exists a ring R such that some proper element of Npr (R) is not
contained in any coatom of Npr (R).
Proof. Let F1; F2; : : : be elds and R=
Q1
i=1 Fi. Let XR=R and YR=(
Q
Fi)=(
L
Fi).
Then it can easily be veried that the pair of X and Y satises the conditions (a){(c)
of Theorem 3.4. Therefore, R is the required ring.
The following proposition shows that, for any ring R, Npr (R) has at least one coatom.
Proposition 3.7. There exists at least one coatom of Npr (R).
Proof. Take a simple module X and let K=CfXg. If K is a coatom, then we are
done. If not, then K<L 6= 1 for some L2Npr (R). This implies that X is in L. Thus, by
Lemma 1.3, L [ML] is an ML-natural class. We claim [ML] 6= 1. Otherwise, L is a
natural class. For any module Y , X is embeddable in Y or Y is in K. So, Y has an
essential submodule in L, showing that Y is in L and so L= 1. This is a contradiction.
Therefore, [ML] 6= 1. By Golan [7, Corollary 2.11], there exists H which is maximal
with respect to [ML]H2Tpr (R) and H 6= 1. If H<G for some G2Npr (R), then G
must be a natural class. As did above, we have G= 1. Therefore, H is a coatom of
Npr (R).
For a right ideal I of R and a subset X of R, we let (I :X )= fr 2R: X r Ig.
Nicholson{Sarath [13, Theorem 1] proved that, for a ring R, Tpr (R) has a unique
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coatom i, for any two right ideals I and J of R with I \ J =0, there exists a nite
subset X of R such that either (I :X )= 0 or (J :X )= 0. Note that every proper element
of Tpr (R) is contained in a coatom of T
p
r (R) [7, Corollary 2.11]. Therefore, T
p
r (R) has
a unique coatom i
WfK : 1 6=K2Tpr (R)g 6= 1 (see Theorem 2.6).
Proposition 3.8. The following are equivalent for a ring R:
1.
WfK : 1 6=K2Npr (R)g 6= 1.
2. (a) R is a left perfect ring with one simple module up to isomorphism.
(b) For any two right ideals I and J; if I \ J =0 then there exists a nite subset
X of R such that either (I :X )= 0 or (J :X )= 0.
Proof. (1)) (2): If K2Nr(R) with 0 6=K 6= 1, then CK 2Nr(R). By Dauns [2, 2.12],
CK is the lattice complement of K in the lattice Nr(R) (or see [20, 1.1]). Thus, by
Corollary 2.3, K_CK = 1. This contradicts (1). So, Nr(R)= f0; 1g. Thus, R is a semiar-
tinian ring with one simple module up to isomorphism by [20, Proposition 3.5]. So, R is
left perfect by Golan [6, 52.10]. Clearly,
WfK : 1 6=K2Npr (R)g= fK : 1 6=K2Tpr (R)g
is the greatest coatom of Tpr (R). So, (b) follows from [13, Theorem 1].
(2)) (1): By [13, Theorem 1] and [7, Corollary 2.11], Tpr (R) has a greatest coatom.
By [20, Proposition 3.5], Nr(R)= f0; 1g. Thus,
WfK : 1 6=K2Npr (R)g=WfK : 1 6=K2
Tpr (R)g 6= 1.
Note that a ring R is a left perfect ring with one simple module up to isomorphism
i the Jacobson radical J (R) is the unique maximal ideal, J (R) is right T -nilpotent
and R=J (R) is a simple artinian (see [6, 52.10]).
The ring Z of the integers is such a ring that
WfK : 1 6=K2Tpr (Z)g 6= 1, but WfK : 1
6=K2Npr (Z)g= 1.
4. Inclusions of sublattices of Npr (R)
A ring R is called right QI if every quasi-injective module is injective. We noted
that the equivalence (2), (3) in the following theorem belongs to Gabriel [4] and
Golan{Lopez-Permouth [9].
Theorem 4.1. The following are equivalent for a ring R:
1. Npr (R)=Nr(R).
2. Tpr (R)Nr(R).
3. R is a right QI -ring.
4. Npr (R) is a uniquely complemented lattice.
Proof. (1)) (2): Obvious.
(2)) (3): Let M be a quasi-injective module. Then K= [M ] is a hereditary pre-
torsion class, so E(M) is in [M ] by (2). Since M is M -injective, M is N -injective
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for each N in [M ] by [12, 1.3 and 1.5]. Thus, M is E(M)-injective. This shows that
M is a direct summand of E(M). So, M =E(M) is injective.
(3)) (1): For a pre-natural class K, we need to prove that K is a natural class,
i.e., K is closed under injective hulls. We assume that K [M ] is an M -natural class
for a module M . Let N be a module in K. To show that E(N ) is in K, it suces
to show that E(N ) is in [M ] by [19, Corollary 1.3]. Since N is in [M ], we have
N EM (N )E(N ) by [14, Lemma 1]. Note EM (N ) is M -injective. So, EM (N ) is
quasi-injective by [14, Lemma 13]. Thus, EM (N ) is injective by (3). This shows that
E(N )=EM (N ) is in [M ].
(1)) (4): This follows from a result of Dauns [2] that Nr(R) is a complete Boolean
lattice.
(4)) (2): Let K2Tpr (R). By (4) there exists L2Npr (R) such that K ^ L= 0 and
K _ L= 1. Then L ^ CL= 0 and KCL, so CL_L= 1. By (4), K=CL, which is a
natural class.
It was proved in [20, Proposition 2.4] that a ring R is right semiartinian i Nr(R)=
Fr(R). Note that a right semiartinian and right QI -ring is semisimple. Therefore, the
following result is immediate.
Corollary 4.2. A ring R is a semisimple ring i Npr (R)=Fr(R).
A kernel functor is a right exact subfunctor of the identity on the category Mod-R.
To every kernel functor  there corresponds a unique hereditary pretorsion class T,
where T is the class of all M in Mod-R such that (M)=M . A kernel functor  is
called stable if T is closed under injective hulls. Therefore, every kernel functor is
stable i every hereditary pretorsion class is closed under injective hulls. The following
result belongs to Teply [16, Theorem 8].
Lemma 4.3. Every kernel functor for Mod-R is stable i R=
Ln
i=1 Ri; where each Ri
is a simple right noetherian; right V-ring such that every kernel functor for Mod-Ri
is stable.
Combining Theorem 4.1 with Lemma 4.3, we have
Corollary 4.4. A ring R is a right QI-ring i R is a (nite) direct sum of simple
right QI-rings.
Theorem 4.5. The following are equivalent for a ring R:
1. Npr (R)=T
p
r (R).
2. Nr(R)Tpr (R).
3. R is a nite direct sum of left perfect rings each of which has a unique simple
module up to isomorphism.
Proof. (1)) (2): Obvious.
(2), (3): This is [20, Proposition 2.5].
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(2)) (1): Let K be a pre-natural class. We need to prove that K is closed under
quotients. Consider the natural class DK. Then DK is closed under quotients by (2).
Let X N with N in K. Then N and hence N=X are in DK. It can easily be proved
that N=X has an essential submodule which is in K. By [19, Corollary 1.3], we have
N=X is in K. Therefore, K is closed under quotients.
Note that a left perfect and right QI -ring is a semisimple ring. The following result
follows from Theorems 4.1 and 4.5.
Corollary 4.6. A ring R is a semisimple ring i Nr(R)=T
p
r (R).
Corollary 4.7. A ring R is a semisimple ring i Fr(R)=T
p
r (R).
Proof. By Theorem 4.1 and Golan [5, 5.5 and 23.9].
5. Lattice properties of Npr (R)
Let L be a complete lattice and c2L. c is said to be compact if for any sub-
set Y of L with cWfa:a2Yg, we have cWfa: a2Fg for a nite subset F of Y .
A complete lattice is said to be algebraic if each of its elements is the join of compact
elements. In this section we rst consider the question of when Npr (R) is an algebraic
lattice. We can give an answer to this question for the case when N(R;M) is a com-
plete sublattice of Npr (R) for each module M . But the question is still open for general
case. We need the concept of type dimension of modules, due to [21].
Denition 5.1 (Zhou [21]). If there exist atomic submodules A1; A2; : : : ; An of a mod-
ule M such that A1      An is essential in M and that, for i 6= j, Ai and Aj have
no isomorphic nonzero submodules, then such a number n is uniquely determined by
M in the sense that if N1      Nm is essential in M with 0 6=Ni (i=1; : : : ; m) and
each pair Ni and Nj (i 6= j) have no isomorphic nonzero submodules, then m n. In
this case, we call n the type dimension of M . If such an n does not exist, we say the
type dimension of M is 1. We dene the type dimension of M to be 0 if M =0.
Proposition 5.2. Suppose that Nr(R) is a complete sublattice of N
p
r (R). Then K2
Npr (R) is compact i K= bN for some nitely generated module N of nite type
dimension.
Proof. ‘)’: Let fXt : t 2 Ig be a complete set of representatives of the isomorphic
classes of cyclic modules in K and MK =
L
t2I Xt . By Lemmas 1.11 and 3.2, K= cMK =
[L
t Xt =
W bXt . Since K is compact, there exists a nite subset F of I such that K=
W
t2F
bXt = [
L
t2F Xt = bN , where N =
L
t2F Xt is nitely generated. Suppose that N is not
of nite type dimension. Then N contains an essential submodule A=
L1
j=1 Aj such
that Aj 6=0 for each j and each pair Ai and Aj (i 6= j) have no isomorphic nonzero
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submodules. For each j, DfAjg is a natural class. By our assumption, L=
W
j DfAjg
is a natural class. Since A is in L, N is in L, showing that KL. It follows that
KWnj=1 DfAjg for some n>0. Since An+1 is in K, there exists 0<m n such that
An+1 and Am have nonzero isomorphic submodules, a contradiction.
‘(’: Suppose N is a nitely generated module of nite type dimension and K= bN .
Let KWi2I Ki with each Ki 2Npr (R). Write Ki=cMi where Mi=MKi . Thus, N is
in
W
i2I Ki=
W
i
cMi= [
L
i Mi [
L
i2I Mi]. Since N is nitely generated, N is in
[
L
i2F1 Mi] for some nite subset F1 of I . Since N is of nite type dimension, there
exists a nite subset F2 of I such that every nonzero submodule of N has a nonzero
submodule embeddable in
L
i2F2 Mi. Let F =F1 [F2. Then bN  [
L
i2F Mi=
W
i2F Ki.
So K is a compact element in Npr (R).
Corollary 5.3. Suppose that N(R;M) is a complete sublattice of Npr (R) for each
module M . Then the following are equivalent:
1. Npr (R) is an algebraic lattice.
2. Every nonzero R-module contains an atomic submodule.
Proof. (1)) (2): Let N be a nonzero module. Then, by Proposition 5.2, bN =W
i
bNi= [
L
Ni, where each Ni is a nitely generated module of nite type dimension.
Thus, N contains a nonzero submodule X embeddable in Ni for some i. Since Ni con-
tains an essential submodule which is a direct sum of atomic modules, X contains an
atomic submodule.
(2)) (1): Let K2Npr (R). Write K= cMK. By (2), MK contains as an essential sub-
module a direct sum
L
i2I Ni of atomic submodules. Let Ki=DfNig \ [MK]. Then
Ki 2N(R;MK) (see [19, 1.1]) and hence L=
W
Ki 2N(R;MK) by the assumption. Since
Ni is in Ki for each i2 I , we have
L
i Ni is in L and so MK is in L by [19, 1.3].
Thus, K=L=
W
i Ki. Now it suces to show that each Ki is a join of compact el-
ements of Npr (R). Let fX it : t 2 Iig be a complete set of representatives of the iso-
morphic classes of cyclic modules in Ki. Then, by Lemma 1.11 and Lemma 3.2,
Ki= [
L
t X
i
t =
WcX it . Note that, since Ni is an atomic module, X it is atomic. Thus, cX it
is compact by Proposition 5.2.
In [17], de Viola-Prioli and Viola-Prioli studied the question of when the lattice
Tpr (R) is linearly ordered. They proved that T
p
r (R) is linearly ordered i for any right
ideal I and J of R there exists a nite subset X of R such that I (J :X ) or J (I :X ).
Proposition 5.4. The following are equivalent for a ring R:
1. Npr (R) is linearly ordered.
2. (a) R is a left perfect ring with one simple module up to isomorphism.
(b) For any right ideals I and J of R; there exists a nite subset X of R such
that I  (J :X ) or J  (I :X ).
Proof. (1)) (2): As a sublattice of Npr (R), Tpr (R) is clearly linearly ordered. So, (b)
follows from [17, Proposition 1]. Let M be a nonzero R-module and N1 a simple
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module in [M ]. For any nonzero module N2 in [M ], let Di be the class of all
X in [M ] such that every nonzero submodule of X contains a nonzero submodule
embeddable in Ni (for i=1; 2). By [19, Proposition 1.1], Di 2N(R;M) for each i. Note
that D1 is an atom of the lattice N(R;M). By (1) and Theorem 2.2, N1 is in D1 and
D1D2. Thus, N1 is embeddable in N2 for any nonzero module N2 in [M ]. This
shows that D1 = [M ]. It follows that N(R;M)= f0; [M ]g for any nonzero R-module
M . Therefore, Npr (R)=T
p
r (R). By Theorem 4.5 we have R=
Ln
i=1 Ri, where each Ri
is a left perfect ring with a unique simple module up to isomorphism. By [17, Corollary
4], the ideals of R are linearly ordered by inclusion. Thus, we have n=1.
(2)) (1): By Theorem 4.5 and [17, Proposition 1].
In the nal part of this section, we are concerned with a result of left distributive
rings. A ring R is called left distributive if the lattice of all left deals of R is a
distributive lattice, i.e., I \ (J + K)= (I \ J ) + (I \K) for all left ideals I; J; K of R.
In his survey article [8, p. 63], Golan mentioned a result, crediting it to Katayama,
that the lattice R-l of all left linear topologies of R is a distributive lattice i R is
a left distributive ring. We noted that Katayama [10, Theorem 4] only claimed and
proved the implication: If R is left distributive then R-l is a distributive lattice. The
following example shows that the converse does not hold in general.
Example 5.5. There exists a ring R such that R-l is a distributive lattice but R is not
left distributive:
Let F be a eld of characteristic 0 and  be the derivation of F[x] dened by
(aixi)=iaixi−1. Let Q be the quotient eld of F[x]. Then  induces a derivation
 on Q via the usual quotient rule for derivations. Thus, (Q) 6=0 and the charac-
teristic of Q is 0. By Kolchin [11] (or see Faith [3, p. 361]), there is a univer-
sal dierential eld k Q and a derivation D of k extending . Thus, D(k) 6=0. Let
R= k[y;D] be the Cozzens domain. As it is well known, R is a two-sided QI -ring. By
Theorem 4.1, Tpl (R)Nl(R), where Tpl (R) is the set of all hereditary pretorsion classes
of left R-modules and Nl(R) is the set of all natural classes of left R-modules. But,
by Dauns [2], Nl(R) is a complete Boolean lattice, so T
p
l (R) is a distributive lat-
tice. This shows that the lattice R-l is distributive. Consider the left ideal Ry of
R. Note that Ry= fPni=1 aiyi: n2N; ai 2 kg. Choose a2 k such that D(a) 6=0. Then
ya=D(a) + ay. If ya2Ry, then D(a)2Ry. This is impossible. So, Ry is not a two-
sided ideal. Thus, R is not left duo. Since R is left noetherian, by Stephenson [15,
Corollary 3], R is not left distributive.
6. Rings whose modules form few pre-natural classes
In this section we give descriptions of the rings R for which jNpr (R)j=2, 3 and 4,
respectively.
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Proposition 6.1. jNpr (R)j=2 i R is a simple artinian ring.
Proof. Note that f0; 1gNr(R)\Tpr (R), so jNpr (R)j=2 i Npr (R)=Nr(R)=Tpr (R)=
f0; 1g. Thus, the equivalence follows from Corollary 4.6 and [19, Proposition 3.5].
The following lemma is clear.
Lemma 6.2. For an R-module N; R is in [N ] i RR ,!Nn for some n i there exists
a nite subset X of N such that X?=0.
Proposition 6.3. jNpr (R)j=3 i R satises the following conditions:
1. R is a left perfect ring with one simple module up to isomorphism.
2. J (R) 6=0.
3. For any proper right ideal I which is not an intersection of maximal right ideals;
there exists a nite subset K of R such that (I :K)= 0.
Proof. ‘(’: By [19, 3.5], Nr(R)= f0; 1g. So, Npr (R)=Tpr (R) by Theorem 4.5. Let X
be a simple module. By (2), [X ] 6= 1. By (3) and Lemma 6.2, R is in [Y ] for any
non-semisimple module Y . Thus, Npr (R)= f0; [X ]; 1g.
‘)’: It must be that Nr(R)= f0; 1g. So, (1) follows from [19, 3.5] (also see [6,
52.10]). By Proposition 6.1, R is not semisimple, so J (R) 6=0 and Npr (R)= f0; [X ]; 1g
where X is a simple module. Now (3) follows from this and Lemma 6.2.
Clearly, R=Z=(4) is a ring for which jNpr (R)j=3.
Proposition 6.4. jNpr (R)j=4 i R is of one of the following types:
1. R is a direct sum of two simple artinian rings.
2. R is a right QI -ring with two uniform injective modules; not both simple modules;
up to isomorphism.
3. (a) R is a left perfect ring with one simple module up to isomorphism and
(b) There exists a right ideal I such that I is not an intersection of maximal
right ideals and (I : K) 6=0 for any nite subset K of R and
(c) For any two proper right ideals I and J which are not intersections of
maximal right ideals; if (I :X ) 6=0 and (J :X ) 6=0 for any nite subset X
of R; then I (J :Y ) and J  (I :Z) for some nite subsets Y and Z of R.
Proof. ‘)’: Case 1. jNr(R)j=4. Then Npr (R)=Nr(R). So, R is a right QI -ring by
Theorem 4.1. By [20, Corollary 3.6], we can proceed in two subcases.
Subcase 1: R is a right semiartinian ring with two simple modules up to isomorphism.
Thus, R is a semisimple ring with two simple modules up to isomorphism. It follows
that R is a direct sum of two simple artinian rings.
Subcase 2: R has a simple module up to isomorphism and any two nonzero socle-free
modules have nonzero isomorphic submodules. Thus (2) follows.
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Case 2: jNr(R)j=2. By [20, Proposition 3.5], R is a semiartinian ring with a simple
module up to isomorphism. So, R is left perfect by [6, 52.10]. Thus, 3(a) follows. 3(b)
follows from Proposition 6.3. For two right ideals I and J satisfying the assumptions
of 3(c), let K(I) be the class of all N in Mod-R such that for each x2N there exists
a nite subset K of R such that x?(I :K) and dene K(J ) analogously. Clearly,
K(I) and K(J ) are in Tpr (R). From the assumptions of I and J , we see that R=I is
in K(I) 6= 1 and R=J is in K(J ) 6= 1 and that neither of R=I and R=J is semisimple.
Let X be a simple module. Then 0 6= [X ]<K(I) and [X ]<K(J ). This forces that
K(I)=K(J ). Thus, 3(c) follows.
‘(’: By [20, Proposition 3.5] and Theorem 4.1, either of (1) and (2) implies
jNpr (R)j=4.
Suppose R satises (3). Then Nr(R)= f0; 1g by [20, Proposition 3.5]. Let X be a
simple module. By 3(b), there is a cyclic module Y such that [X ]<[Y ] 6= 1. 3(c)
shows that Tpr (R)= f0; [X ]; [Y ]; 1g. Therefore, Npr (R)= f0; [X ]; [Y ]; 1g.
The Cozzens domain (see Faith [3, pp. 361{362]) is a ring satisfying Proposition
6:4(2). Let F be a eld and R be the trivial extension of F and the F-module F  F .
Then R satises Proposition 6:4(3).
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